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For the past two decades, semiconductor quantum dot superlattices ͑QDS͒ attract growing interest due to the opportunity to engineer its electronic properties.
1,2 Until recently, most attention has been focused on possible electronics and optoelectronics applications. 3, 4 Recently, there is increased interest in studying thermal properties in QDS. An intriguing ability of independent control of electronic and thermal properties in QDS stimulated a great deal of interests devoted mainly to possible thermoelectric applications. 5 An increase in thermoelectric figure of merit in QDS is anticipated due to the modification of its thermal properties in addition to electronic ones. 6 All of this motivates current interest in understanding and modeling QDS thermal properties. As bulk of heat in semiconductors is transported by lattice vibrations, theoretical efforts are focused on the lattice thermal transport. Rigorous solutions of the problem by direct molecular dynamic ͑MD͒ techniques 7 may be possible in the future with increased computation power. To date, one must use approximated models to evaluate lattice thermal conductivity, taking into account specific properties of QDS, such as structure and composition.
In this letter, we report a theoretical model of cross-plane lattice thermal conductivity of semiconductor QDS, applicable for most grown superlattices reported in the literature. [8] [9] [10] In the relaxation-time approximation the expression for the lattice thermal conductivity can be written in an integral form as
where S() is the contribution to the specific heat per frequency interval from lattice wave of frequency , g is the phonon group velocity, and l() is the phonon mean-freepath. Thermal conductivity arises from phonon relaxation in different scattering processes, which do not conserve crystal momentum. 11 The mean-free-path l() is used to represent the combined effect of these processes
where the first three terms are the most important lengths associated with the Umklapp, phonon-impurity atoms, and phonon-boundary scattering mechanisms, respectively. The calculation procedures for the above processes are known and can be found elsewhere. 11, 12 In order to construct a theoretical formalism for QDS, we have to take into account a new phonon scattering process-scattering on quantum dots. Thus, we must calculate one more phonon attenuation length l D ()ϭV/ V ͑where V is the total phonon scattering cross section in volume V) and to add it to the sum in Eq. ͑2͒.
As the characteristic size of quantum dots in a superlattice exceeds hundred of nanometers ͑typically quantum dots grown in Stranski-Krastanov mode have about 100 nm in base and 10 nm in height͒ and thus, each dot may consist of more than 10 5 atoms. Since the scale of our interest is much higher than the inter atom distance, we can apply the continuum model approximation and treat quantum dots as regions having the density and the sound velocity different from those in the host matrix ͑see Fig. 1͒ . Due to the mismatch of the acoustic properties, the dots act as scatters to the propagating lattice waves. a͒ Electronic mail: ahit@ee.ucla.edu APPLIED PHYSICS LETTERS VOLUME 84, NUMBER 10 8 MARCH 2004 The problem of elastic wave propagation in a media containing multiple scatters is known from acoustics and will not be reproduced here. Following the general approach, [13] [14] [15] the solution of the wave equation at any point r can be found as a sum of the incident 0 and scattered S waves (r) ϭ in (r)ϩ S (r), where in (r)ϭexp(ikr) and
summing through all scattered waves. Taking into account the specific scatter arrangement within spatially ordered layers ͑Fig. 1͒, the total scattered field in QDS is found by summation of scattered waves from all layers. In order to find the scattered field produced by a single layer, we apply the generalized result of a classical scattering theory, the so-called optical theorem 16 which gives us the expression for the total scattering cross section of one layer with spatially random distributed scatters as follows:
where k i defines the direction of wave propagation, ͗ f (k i ,k i )͘ is the forward scattering amplitude and k 0 is the wave number where ͉k i ͉ϭk 0 . The angular brackets in Eq. ͑3͒ denote the averaging over the ensemble. Our special interest is devoted to the weak scattering density limit
is the scattering amplitude of a single scatter, and n is the scatter density. For many semiconductor materials, for example, Si and Ge, this limit takes place in most cases due to the relatively low quantum dot volume fraction (5%р) and the finite acoustic mismatch between the host and dot materials (ϭ0.78). In this particular case, the interaction between different scatters can be estimated by using the multiple forward scattering approximation ͑MFSA͒.
17
To find the total forward scattering produced by the ensemble, only forward scattering from single scatters should be taken into account while the effect of backward scattering is a higher order effect and can be neglected. Moreover, the contribution to the scattered wave is integrated over the first Fresnel zone only. By definition, the scatters within the first zone radiate in phase with the background wave field, which indicates that the precise location of the scatters is of minor importance. The discrete distribution of the scatters within the layer can be replaced by a smooth scatter sheet density . In this letter, we use the result obtained in Ref. 17 and write the explicit form of the transmission coefficient T for the layer consisting of randomly distributed scatters in the weak scattering density limit:
͑4͒
In the MFSA approximation, the attenuation and dispersion of the transmitted/scattered waves is relatively insensitive to the shapes of the scatters as the forward scattering amplitude is relatively insensitive to the shape of the scatter. 18 For any distribution p(␣) in any number of parameters of the scatters, the forward scattering amplitude f (k i ,k i ) be replaced by the average f(k i ,k i ) given by:
͑5͒
We carried out test numerical calculations for Si/Ge QDS and compared the results with experimental data. The experimental data have been obtained for two samples-A and B, grown by a solid source molecular beam epitaxy ͑MBE͒ system on Si ͑100͒ substrates. The growth started with a 100 nm Si buffer layer, followed by a quantum dot superlattice layer which is composed of bilayers in which the Ge layer is separated by a 20 nm Si spacer layer. Sample A consists of ten periods of dome-like Ge dots with 114.7 nm base, 15.1 nm height, a dot sheet density 5.9ϫ10 8 dots per cm Ϫ2 , and a nominal Ge thickness 1.5 nm. Sample B consists of 22 periods of Ge dots with 152.4 nm base, 10.0 nm height, a dot sheet density 1.4ϫ10 8 dots per cm Ϫ2 , and a nominal Ge thickness 1.2 nm. Thermal conductivity of the samples was measured by the differential 3 method. 19 The reference sample used for differential measurement is the same as the substrate used in the grown samples. In numerical simulations we used the procedure described above. First, we found the forward scattering amplitude assuming all dots be identical hemispheres of radius a, such as 1/3d 2 Hϭ2/3a 3 , where d is the dot base size and H is the dot height. Then, we calculated reflection coefficient of a single quantum dot layer. Next, we found the total scattering cross section due to the scattering on quantum dots by summation of all scattered waves from all layers. Finally, we substituted the obtained attenuation length in Eq. ͑2͒. ͑The detailed calculations for other attenuation lengths in silicon can be found, for example, in Ref. 20 .͒ The same procedure was repeated for different phonon frequencies and the lattice thermal conductivity was found by integration in Eq. ͑1͒. For both samples, lation ͑solid curves͒. The dashed line depicts reference bulk silicon thermal conductivity. The thermal conductivity is plotted as a function of temperature. It is clear that the temperature dependence of thermal conductivity trends as well as absolute values for both samples are in good agreement with the experimental data. The difference in deviation between theoretical and experimental data observed for samples A and B can be attributed to the higher order effects, as surface roughness, stress distribution in the quantum dot layer, which were not taken into consideration.
In conclusion, we present this theoretical model allowing us to estimate the cross-plane lattice thermal conductivity of semiconductor quantum dot superlattices. The agreement between the calculated and experimental data confirms our approach based on the continuum model approximation and the assumption that the thermal phonon wave can be represented by a sum of plane waves affected by the scattering on acoustically mismatched obstacles. The proposed calculation procedure is applicable in the most usual cases, where dot volume fraction is relatively small or dot and host materials have close acoustic properties. 
